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On a method to transform the proofs of LK into NK

e 2

Yasuo Nakanishi

Abstract: Gentzen's NK and LK are famous and useful logical systems in the field of symbolic logic. NK is a natural
formation of proofs we use in practice, while it is not suitable for structual analyses of proofs. On the other hand, LK is
convenient for structural analyses of proofs, while it is difficult to use LK for practical proofs because the proof diagrams
need too much spaces. In order to analyze structures of proofs of NK, a simple correspondance between the proofs of

NK and LK must be useful. The standard method to transform the proofs of LK into NK is based on the principle that

each sequent Ay, Ay, ***, A, = Bj, By, ***, B, of LK corresponds to the proof diagram of NK with the assumptions
A1, Az, ***, A and the conclusion By vV B2 V *++ V B,. In this paper, we show another method based on the principle
that each sequent A, Az, ***, Ayy = Bi1, Bz, ***, Bn_1, By of LK corresponds to the proof diagaram of NK with
the assumptions A;, Az, ***, Am, = B1,—Bs, ***, =7 B,_1 and the conclusion B,. Our method is simpler than the standard

method, and the proofs of NK made by our method are more natural. Consequently, our method gives an efficient algorithm

of automatic proofs of NK.
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Gentzen O NK & LK [l B@mEOS BB 24 RHEARTHYD, WINBFHTH . NK IZHRL PRERICH
WA ZE LB ERCERME LD TH 20, FEHBEOMFICERANEWESH S, —75, LK \3HEH ORG24
TEDITIMERTH 20, HHROBHAICHBIT S RE) 2F0OHEEEHT I EAEND, EROERIA NS Z &R
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N A1, Az, vt A = Bi, Ba, vt Bu WL, Ap Ag, A BIRIEEL BiV By VetV B, BRiERET S NK DFF
HNZMSIBEE0NDIHDTHED, COHETIEILK @1 A7y IR T 2 NK DAT v THAENL <720, Hign
WIFREIIR WA EAR S0 AR, ZHUTKH L, RETRET 2 FIEOEERAEIT, LK O Figo>—4 > MTHtL,
A1, As, v, A, mB1, 2 Bs, =B ZIREEL B, i s T2 NK QAR ZRSI®E2ENDIHDTHS. D
B, 7 NOEREAREOHBRMHERICE ST 2L BEFRO LK ARIGHEA LZEE, LK @ 1 A7 v JIZHk
T5NK QAT w 7RIS THiz, HRELTHEONS NK OFEHBIEROB DI VAR HDITRS. —FIZ LK
DKL, RETHLZENTNL ZEIZE > THEBMICIER TE S Z LIS NTWS. > THRBOH T NK OFF
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B, AROFEOSHDVEHETH 2 0NRHTHY, LrdFD NK OFEHE, 0 AMOBEICEVWEARDDIZRS.
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(B8 I = A (CH¥8) = A

Al = A I'= A, A
%) A, AT = A (CH) I'=— A, A, A

Al = A I'= A, A
(EE#) I, Al = A (CH# = A, A,X

A=A I'= A, A

(cut) I'= A, A All=X
LIl = A.X

) I'—= A, A F-) Al = A

AT = A I'= A,-A
(FEN) Al = A Bl — A FEA) = A A [I=—23, B

AABT = A AABT = A ILl= A, AAB
(FEv) Al'=—= A BII=—A Fv) I'—= A, A I'—= A,B

AV B, = A I'= A, AVB I'= A,AVB
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A— B,ILll = A% I'—= A, A= B
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VeF(z),I = A I'= A, VaF(x)
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AHTI, LK & NK MOFEHOEZMAFRELZHHTS.

F9, EENTIEH S0 NK OFEHRY S LK OFEHNE D 2 HEEHHT 2. NK OFEHARICET 2 &m0 2
KU, © ZET=DDRE Ar, Az, Ay ERVTI =T 2k Ay, Ao, 0, Ay = @ DL D (ZEL, ¢ BFELE
1L OBEWTE 7> bOFTLREFETS), @ 2OV FCEESHAS. 25 UTHRERITEZ S OFEHKIC
bif;o'@iﬁbiﬁf HED NK OFEHRIICBWT (BA), (AHA), (VBA), (-FA), VEA), GFA T&3
HEROMTONZMAL, FHLURKIECBWT LK O#fRERARTIENTES. TSN OHGHOFH EL T, NK @ (= B
B & sHmz A TALD. ZOFRANT I HRERD I

A A= B
B

EWDEZELTHBD, ZOiDEy—r Y NCBERA T EEITE

I'—= A IIl— A—~ B
INll= B

EWI BB, TR LK OHFwmE0DO TR, LAL IO, LK OffamBAl 26> TROIDICEHRT S Z
LINTES.

A= A B— B
I—A—B A—- B, A= B
II,A— B
= A All = B
Iil— B
FRRIZL T, GBRE), -BER), (ABRR), (VRE), VKBER, @BRE CIX2HHMTONLBITHIET 255
B, LK O#GHTERHATHENTES.

RIZ, AEOEETHS, LK OFEHRNS NK OFEHRZ DL 2 HEZ KRS, H#E LT, LK OFEHRO L —
2 REBEDN SR> TR TOWERDS, KOEIICLT NK O#HREZEAZEEEL TN, LK D&% —4
/]‘ Al, AQ, e, Am — Bl, B2, “‘, n Kﬁb, %hi'ﬂ"%ﬁﬁbt NK o)*ﬁ %ﬁg \&bfﬁyﬁ\ A17A27
JAm, By, 2By, =B BREELTB, (n=0DBEAIIFFELE L) 2FHETDHED7 LK OHERMZERT 2.
727210, LK O#GHRICBOTRE A1, Ao, *, A, —B1, 0B, ***, =By OFNTNRHBRTEAERICEEK (0E%
) KFRIZARVWbDETS. BT, BAf2HWTHETS. LK OEHAROBEIOHS D ELT, ROXDHEE
BERD.

(3.1) ANB= A B= AvVB
= A, "(AAB) = AV B, B

= A, AVB, ~(AANB)A-B

F9, TOROELEDT—F > M A= ARMHL, AZREEL A ZfHET S NK OffaR, $2bbROID7R, A
DAMNSIR LR EEL.

A
BL DRDI—=T U MNIAANB = ATH5M5, LORITEZMAL I ECE>TRDEICAANB ZREELELT
ABREWMET DRI NK OGN ERES.
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A
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—%, M3 OELDI—F >N B = BiZdB OANSEE NK O#RRAGEL, M (3.1) DRDI—F 2k
B = AV B IZMIEL TROMERR PR SN5.

B
AV B

EHIT, ®(3L) DRDI—F 2= AV B, =B KL TROERHNE SIS,

(3.2) AV B -(AV B)

B (3.1) O|RBEDI— > Mi= A, AV B, «(AAB)A=B TH 21, ZHUKKRT 2 NK ORI, K (3.2) &K
(3.2) ZlAEDE, ILWEERTILCE>TRDEDEDLENS.

ANB B
A -A AV B (AV B)
L (1) L (2)
(AN B) -B
-(AAB)A-B

ZDEI, LK RO FRITHET 5 NK O#zRRZ AW T FRICHET 2 NK O I%o<5&wja¢%ﬁbﬂ
L, LK O#H RO —= F RS- EEE, REARLTE 2#5HcT5 NK OFFHANEZES Z LiChs. HE
BEETHIZZOEENTRETHZ2NEINTHS. FlELT, LK BT (E —) HEANZ X 2 #aH

I'=A,A BIll=2%%¢
A— Bl = AX®

TEATHS. ZIT, NK OFFHAREOxha RL5EGE, 72h7Z0 1 D0MmBRERTHEEL T 2. o3
ZEFDGEIT S b EEZ D, O LRETEENEAZRATIE, T, A GAF A OERERXOBTENSRSF)
ZREELT A ZERET D NK OFEHRE, B,II - ZEELLT @ (EFOHEIE L ZHm LT ARG S
NTWBDT, TNEN

TET. Z2THE, AORICBWTRE B A—EZFHIRT 2612 R L TWa A, REOEHARKICBT 2E B OHBEEIC
IIHIBRA R W, BEREHRT 20 ANBNL—EHHERLAVABANRN. RICTHRICEA, A - B, I I, -A, =2
BREELT O 2RERHETIIAEHREZEL I, ROIDCTHIEI N,

EL, ZORIZBWT B 280N TWSHGmENE, FBRBEICBOWTRE B PERED > 2561350 &4D B O LEE
ZEMB LB, RE BB OETH - 72HETIEIAEELERS. LK OMOTRTOHRBANIDONTH, FKRD
BERITO ZENTES. Tabs, FRITHET 2 NK offfaREZRANT, TRICHRT S NK o#HaNED< 32 &
MNTES. LT, LK O/ 2 OHEFRAE, FHRICHIET S NK O#f#HNEZRT. (HL, LK O3 —7 > MIRIET % NK
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CH#%) I — I'—= A, B (CH) = A, A A

I'= A I'—= A,B, A I'= A, A
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r r -A r -A -A
................................................ (1)
1 B -B A - A
A 1 1 (1)
A ——A
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CH#) I'= A, AX, B (cut) Ir=A, A All=X,®
I'= A2, B, A LIl = AX,®
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r -A -A -3 r -A
B -B A I -%
J_ (1) .................................
A
) IN— A I'—=A,B, A F-) Al = Al = A, B
-A,' = -Al'=— A, B I'= -4 I'= A, B,-A
(1) (2) (3)
r ' -A -B A T A ' =-A
A -A A -A L (2 B -B
1 1 (1) -A 1 (3)
B
FEN) Al = A, BT — A,® FEA) Ir—=AA II=—2%X% B
AAB,I = A,® AABI = A,® ILl= A,S, AAB
AANB AANB I -A I -x
A " =A B T' A seecessscccess secssssessens
................................................. A B
o o AANB
(FEv) Al = A,® B,II=— A,d FEv) I'—= A, A I'—= A,B
AV BT, = A,® I'= A,AVB I'—= A,AVB
(1) (1)
A ' =-A B I -A r -A r -A
AV B o o (1) A B
d AV B AV B
=) = A A BI=—2%3¢ =) AT = A, B
A= Bl = A,X,® I'—= A, A= B
(1)
r -A A r -A
A A— B B (1)
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(V) F(t),l = A,® V) I' = A, F(a)

VeF(z),I' = A,® I'= A, VzF(z)
t \ITEEDIHE) (a WEFHAICEVWEBZER)
Vo F(x) T -A
F(t) 1—‘ _|A ---------------------
................................ F(a)
i} Vo F(x)
(F£3) F(a),l = A,® F3) I'= A, F(¢)
AzF (), = A, I'= A, 3zF(x)
I TR WEBEZER) CIMEEDE)
(1)
F(a) T =-A r -A
dzF(x) i) (1) F(t)
i} Az F(z)
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LK OFEBH%E NK OFERICEEMI 2RO FEE Y —F7 > FOBE OBRMICER LD FTEH 2, 20k
B R TRL N2 NK OFERIE NK ZRORETH 2 THRRFEH] SIIF0WEWL. AR TRELZZEMIAFHEIL,
ZORERBRLZHDTHS. AROZBEIMIFHEL, SIZENK TEONLEAOHRLERZBERECOFHE
5. §hbb, NK TENZFEREL DS LK OFEHOLFIEEZ T L 2T W=, TORRIERRT 2 ITITEL T
W5, FLTHU LK TBWTEHOHRLO—HNTENL, Fhe NK KBRT 22 &0k, AR OIRNA
NK OFEHDOFERED ZENTE 3.
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