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Abstract: In this paper, macroscopic elastic properties of composite material including spherical particles are eval-

uated by using a three-dimensional analysis based on the finite element method and theoretical ones based on the

equivalent inclusion theory. In the numerical analysis, it is assumed that particles of the same size are arrayed in

simple cubic, body-centered cubic and face-centered cubic. The volumetric fraction of particles is determined by the

radius of particle. A periodic patterned cubic portion is treated as a unit cell and given specific displacements on its

boundary surfaces. The macroscopic Young modulus and the macroscopic Poisson ratio of the composite material are

obtained from reaction forces on the boundary surfaces. In order to compare to them, the macroscopic elastic proper-

ties are also calculated using the Mori-Tanaka theory and the self-consistent method which are based on the Eshelby

equivalent inclusion theory. As an example, composite material consisting of glass particles and epoxy matrix is con-

sidered. The numerical results for the simple cubic cell are coincident with ones of the self-consistent method. On

the other hand, the numerical results for body-centered cubic and face-centered cubic cells are coincident with ones

of the Mori-Tanaka theory. Moreover, considering particle distance, all results approximate together.

Keywords : Composite Material, Material Design, Elasticity, Finite Element Method, Equivalent Inclusion Theory

[1,2]

[3–5]

[6,7]

[8]

[9]

Eshelby

[10] [11, 12]

1)

Eshelby [4]

1 (sc)

(bcc) (fcc)

2

xyz

x z

y ux uy uz

(a) sc (b) bcc (c) fcc

1

x

y

z

ux=0 ux=0

uy=0

uz=0

uz=0
uy uy/2uz=0

ux=0

uz=0uy=0

ux=0

1
1

1

(a) sc

1
1

1

x

y

z

ux=0 ux=0

uy=0

uz=0

uz=0
uy uy/2uz=0

ux=0

uz=0uy=0

ux=0

(b) bcc

x

y

z

ux=0 ux=0

uy=0

uz=0

uz=0
uy uy/2uz=0

ux=0

uz=0uy=0

ux=0

1
1

1

(c) fcc

2

r

2
2

2

a

1
1

1
a

r

1
1

1

a

r

(a) sc (b) bcc (c) fcc

3

y uy

2

8 1

2 1

3

a

a =















2 (sc)
√
3 (bcc)

√
2 (fcc)

(1)

r r

(r = 0) (r =

a/2) r f

f =



























π

6
r3 (sc)

π

3
r3 (bcc)

2π

3
r3 (fcc)

(2)

2 uy/2 = 1× 10−3

x,

y, z

σx σy σz

σx σz x, y, z

εx

εy εz 1

y uy/2

εy εx εz

εx = εz = 0

Ē ν̄

Hooke

σx =
Ē
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r

0 0.5 1
0.4

0.5

0.6

0.7

0.8

0.9

1

 sc

 bcc

 fcc

r/(a/2)

ν̄
/
ν

m

Self-consistent [12]

Mori-Tanaka [11]

11 ν̄
r

6

r/(a/2)

Mori-

Tanaka Self-consistent

6 10

11 ν̄

0 ≦ r/(a/2) ≦ 0.7

0.7 ≦ r/(a/2) ≦ 1

Mori-Tanaka

Self-consistent 0 ≦ r/(a/2) ≦ 0.7

0.7 ≦ r/(a/2) ≦ 1

12 κ̄
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Ē

Mori-Tanaka Self-consistent

0 0.5 1
0

1

2

3

4

5

6

 sc

 bcc

 fcc

r/(a/2)

κ̄
/
κ

m

Self-consistent [12]

Mori-Tanaka [11]

12 κ̄
r

0 0.5 1
0

2

4

6

8

10

 sc

 bcc

 fcc

r/(a/2)

µ̄
/
µ

m

Self-consistent [12]

Mori-Tanaka [11]

13 µ̄
r

0 ≦ r/(a/2) ≦ 1

14, 15, 16 r/(a/2) 0.9
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